With the aid of Mori's projection operator method, it is shown that the mechanical equations of motion for flux variables can be transformed rigorously into the reduced form
Recent studies of dynamical phenomena of many-particle systems have been based on the concepts developed by the stochastic theory of the Brownian motion.
The time evolution of a dynamical variable consists of a mean evolution and fluctuations around it. The stochastic theory has to introduce some assumptions about the fluctuations in order to obtain a relation between the fluctuations and the mean evolution \vhich is now known as the fluctuation-dissipation theorem. Therefore, it was of vital importance to establish a fundamental theory which derives the stochastic equation of motion from first principles and formulates the fluctuationdissipation theorem rigorously.
Mori's memory-function theory has given one answer to this problem.!) It provides us with an exact transformation of the microscopic mechanical equations of motion into the reduced form which possesses properties required for the stochastic equation. Mori's equation of motion has the form Fluxes and Forces 1905 that the quantity F (t) is statistically independent of the initial value of A (t);
dA(t)jdt=iSJ·A(t)-fdstli(t-s) ·A(s) +F(t), (1·1)
where
Reduced Equations of }dation for Generalized
where (··I··-) denotes the q uantal canonical correlation. Because of this property, F (t) is called the random force acting on A (t). This random force is related to the mean motion of A (t) through the memory kernel (/) (t) as
(1· 3)
This equation gives the fluctuation-dissipation theorem.
One of the advantages of the Mori equation is to give an explicit time-dependence of the random force F (t) and hence also to give a method of treating F (t). Actually, applying (1·1) repeatedly, Mori has obtained a hierarchy of reduced equations of motion and found the well-known continued-fraction representation of the time-correlation spectrum of A (t) . 2 ) In a previous paper the present authors also have derived a continued-fraction representation of the time-correlation spectra of the flux variables. 31 Thus, the reduced equations of motion prove themselves useful in the study of time-dependent phenomena of macroscopic systems which are governed by a complicated many-body dynamics. In addition to Mori's memory-function formalism, there has appeared a time-convol utionless formalism given by Tokuyama and Mori, which is suitable for the study of the frequency-modulation type problems!) Both theories deal with the time evolution of the state variables. The time evolution of the flux variables, however, is expected to have a different feature. It must be also useful to have reduced equations of motion for the flux variables which shows this difference explicitly.
In the present paper, we shall show by means of Mori's projection operator method that the mechanical equations of motion for generalized flux variables can be rigorously transformed into a reduced form, producing two kinds of fluctuating forces. One of them is identical to Mori's generalized random forces and the other is a new kind. The new fluctuating forces are shown, on the one hand, to satisfy similar relations to (1· 2) and (1· 3) but, on the other hand, to have a quite different feature in its temporal behaviour from Mori's ones. The Laplace transform of the corresponding memory function is shown to be expanded into an inverted continued fraction of finite order. In § 2, we first define generalized flux variables and then derive reduced equations of motion for them. Hierarchical equations of motion for the generalized fluctuating forces are derived in § 3. These equations lead to a continued-fraction expansion of the time-correlation spectra of the flux variables. The final section 1s devoted to a short summary and remarks. § 2. Reduced equations of motion for flux variables aj (t)
Let us start with the column matrix of state variables A(t) and its equation of motion
where Lis the time-independent Liouville operator. We assume that .fl(t) denotes the deviation from its invariant part. Starting from (2 ·1), Mori derived a hierarchy of reduced equations of motion and obtained a continued-fraction expansion of the time-correlation spectrum of A (t) _"l Our concern here is the time evolution of its generalized :flux variables aj (t), (j = 1, 2, · · ·) which will be defined below.
Let us proceed in parallel with Mori,"J and introduce a Hilbert space of dynamical variables whose invariant parts are set to be zero. Let us denote its scalar product of two variables F and G by <FIG), and require that, in addition to the usual properties, the Liouville. operator is Hermitian;
The following formulation does not depend on an explicit definition of the scalar product. One useful scalar product we are interested in is the quantal canonical correlation n (2· 3) where 1-J is the Hamiltonian of the system, the asterisk denotes the Hermitian conjugate and the angular brackets denote the average over the canonical ensemble with temperature T= 1/kB/3-In the classical limit, (2 · 3) reduces to the correlation function <FG*). The quantity A= A (0) defines a vector in this space. The projection operator P0 onto this A axis is defined by
With the aid of P 0, we split A= iLA into two parts;
Q0 is the projection operator onto the subspace orthogonal to the A ax1s. The new quantity a1 stands for the first-order :flux. Proceeding similarly, we define the j-th order :flux aj=aj (0) through the recurrence equation 
Now let us consider the time evolution of the j-th order flux a 1 (t);
As will be shown in Appendix A, we have Therefore, g 1 (t) and jj (t) are orthogonal not only to a 1 but also to each other.
Next let us derive reduced equations of motion for a 1 (t). Details will be given in Appendix A on the basis of Mori's operator identities. 5 l Operating exp [tiL] on both sides of (2 ·15), we obtain As will be shown in Appendix A, we obtain where 
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A time-evolution equation for the time-correlation function 8 11 (t), (2 · 21), is obtained from (2 · 34) with (2 · 26) and (2 · 27) ;
dEjj(t)/dt=iW 1 ·Ejj(t)-fds[¢1 (t-s) +¢1 (t-s)] ·Ejj(s),
(
whose Laplace transform leads to the fractional form
In the next section, we shall derive reduced equations of motion for generalized forces g 1 (t) and h(t), which lead to continued-fraction expansions of ' P 1 [z] and
¢J [z]. § 3. Reduced equations of motion for generalized forces
Let us first consider the time evolution of g 1 (t) ; from (2 · 22), (3 ·1) This has the same form as (2 ·18), and hence we can proceed similarly to the previous section. In fact, as will be shown in Appendix B, we have (3· 2) where (3.
3)
The Laplace transform of (3 · 2) leads to Similarly to the derivation of (2 ·15), we easily find Operating exp[tQl 1 _1iL] on both sides, we obtain
The second term of this equation, as will be shown in Appendix B, turns out to be
Substituting (3 -12) into (3 ·11) leads to hierarchical equations of motion for g 1 (t);
(3 ·14)
Hence the generalized fluctuating force acting on g 1 (t) is -Ll/ · g 1 _1 (t). Since <gi-1 (t) lg 1 )~<g 1 _ 1 (t) la 1 _ 1 ) = 0 from (2 · 26), we obtain (3 ·15)
(3 ·16)
Applying (3 ·16) successively, we obtain a continued-fraction representation of 
Hence the cross-correlation spectra
U>k) U<k) § 4. Sumtnary and re1narks
(3. 28)
With the aid of Mori's projection operator method, we have derived reduced equations of motion (2 · 34) for generalized flux variables a 1 (t). It has turned out that, in addition to Mori's geneo:-alized random forces fJ (t) and the corresponding memory functions ¢ 1 (t), there appear a different kind of fluctuating forces g 1 (t) and memory functions cjJ 1 (t). As shown in (2 · 30) and (2 · 31), fJ (t) are originated from the higher-order fluxes, whereas g 1 (t) are generated by the lower-order fluxes. The time-correlation spectra E 1 k [ z] of the flux variables a 1 (t) are given by (2 · 36) and (3 · 29) in terms of these memory spectra ¢1 [ 
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is the phase coordinates of particle i at time t, and the a-function is over the six-dimensional phase-space variables. According to the BBGKY hierarchy, the time derivative of fn(1, 2, . .. , n; t) generates fn+l (1, 2, · · ·, n + 1; t). Therefore we may construct the set {a 1 (t)} from the set {fn (1, 2, . .. , n; t)} by making an appropriate generalization. This problem and an application to microscopic fluid dynamics will be discussed in future occasiOn.
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Substituting (A· 4) and (A· 5) into (A· 3), we obtain (2 · 20).
One identity of another type is 51
which leads to the Mori equation (1·1). Here we shall show that it also leads to (2 · 34). Equation (2 ·18) can be written as 
(A·8)
The integrand of the first term is further rewritten as
Insertion of (A· 9) into (A· 8) gives (2 · 30). Use of (A· 6) with P = P 1 in the third term of (A· 7) leads to (A·10) 
Inserting (A ·11) into (A -10), we obtain (2 · 31). Thus, use of (A· 8) and (A -10) in (A· 7) transforms (2 -18) into its reduced form (2 · 34).
Appendix B
--Derivation of (3 · 2) and (3 · 13) --
we can separate g 1 (t) as 
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To rewrite the second term of (3 ·11), we use (A· 6) with M = 9? 
